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1 
We use the techniques and results of the authors’ first paper with the same 
title [ 141 to improve on two theorems of recent date due to Prohorov ] 15 ]. 
Bibliographic references [ l]-[ 131 and line references (lk( 16) are those of 
that first paper. 
2 
Prohorov considered the transform 
P,(z) = j; f+)” dt (17) 
for certain close-to-convex functions and for functions that are starlike of 
order /3, 0</3< 1 [15]. 
The function f(z) = z + . . . , analytic in the open unit disc A, with 
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z = re”, holds for all 0 < 8, < e2 < 0r + 2n and for all 0 < r < 1. The class 
K(y), introduced by Reade [ 161, consists of special close-to-convex functions 
for 0 Q y < 1. Reade also proved thatf E K(y), 0 < y < 1, if and only if there 
is a (normalized) convex univalent function 4, a real constant 6, 
-r/2 ( b ( n/2, and a function p with positive real part in A such that 
eib(f’(z)/$‘(z)) = p(z)‘= eib + . . . (19) 
holds in A [16]. 
The univalent function f(z) = z + +. . is said to be starlike of order /3, 
0 < /I < 1, if and only if 
Wzf’WfW > P (20) 
holds in A. The class of all normalized univalent functions starlike of order ,f3 
is denoted by S*(j?). 
3 
We now consider Prohorov’s results. 
THEOREM 1. Let a, y be given, -oz<a<co, O<y<l. Then the 
function P,(z) given by (17) is in K(y,) for all f E K(y), where 
y1 2 (1 + Y>a - 2, if 2<a, 
2 ya, if O<a<2, (21) 
> -41 + y>a, if a < 0. 
Proof. We use the techniques of [ 141. To show P, E K(y,) we must use 
(18) and to that end we must find the analogue of (3) in [ 141 forf E K(y). If 
f E K(y), then f satisfies an identity of the form in (19); it follows from a 
result due to Sakaguchi [ 171 that 
ReIe’bf(z)l&)l = Pi, 
where Re pi(z) > 0 in A. Hence, since 4 is convex, we obtain 
(1 + Y>Z + 34 - 0,) > j;; dargf(z)>,--Y7C+i(8*-el), (22) 
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z = reiO, holds for all 0<8,<8,,<8,+27r and for all O<r< 1. The 
inequalities in (22) are the needed analogues of (3). Now we use (17) to 
obtain 
je2 d arg(zP;(z)) = a lo2 d argf(z) + (1 - a)(& - 8,). 
01 0, 
(23) 
Now P, E K(y,), v, > 0, if and only if 
f+ darg(zP:(z)) > -y, n, z = re”, 
holds for all 0 < 8, < 8, < LJ1 + 2rc and for all 0 < r < 1. If we use (22) and 
(23) and the techniques of [14], then it is easy to show that (24) holds for 
those yI satisfying (21). 
THEOREM 2. Let a and p be given, --03 < a < co, 0 < ,L? < 1. Then 
P,(z), given by (17), is in K(y,)for allf E S*(,ll), where 
Y,>Wl -P>-2, if 1 <a(1 -p), 
> 0, if O<a(l -p)< 1, (25) 
> -2a, if a(1 -p) < 0. 
Proof: If f E S*@?), then (20) holds and hence 
27~ - PVA - 4) > (l d arg SW 
z = r-e’@, holds for all 0 < 8, < 8, < 8, + 271 and for all 0 < r < 1. Inequalities 
(26) are the analogues of (23) in Theorem 1 and of (2) in [ 141. An analogue 
of (23) for f E S*(J) is 
jez d arg(zPL(z)) = a .f’ d arg f(z) + (1 - a)(O, - 0,). 
01 01 
(27) 
If we use (26) and (27) and the techniques of [ 14 J, then we can easily show 
that f E K(y,), i.e., f satisfies (24), for those y, satisfying (25). 
ONTHE UNIVALENCE OFFUNCTIONS,II 131 
4 
Our proofs are different from those offered by Prohorov. Moreover, (25) is 
sharper than the result obtained by Prohorov. It would be of some interest to 
show that (21) and (25) are sharp results. We plan to use the techniques of 
[ 141 to do just that. The computations may be quite formidable. 
REFERENCES 
14. W. M. CAUSEY AND M. 0. READE, On the univalence of functions defined by certain 
integral transforms, J. Math. Anal. Appl. 89 (1982), 28-39. 
15. D. V. PROHOROV, Integral transformations in some classes of univalent functions, Izc. 
VysS: UEebn. .&wed. Matematika (12) (1980), 45-49. [Russian] 
16. M. 0. READE, The coefficients of close-to-convex functions, Duke Math. J. 23 (1956), 
459-462. 
17. K. SAKAGUCHI, On a certain univalent mapping, J. Math. Sot. Japan 11 (1959), 72-75. 
